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Abstract 

In orbifold models, gauge, Higgs and the matter fields can be unified in one multiplet from 
the compactification of higher dimensional supersymmetric gauge theory. We study how three 
families of chiral fermions can be unified in the gauge multiplet. The bulk gauge interaction in- 
cludes the Yukawa interactions to generate masses for quarks and leptons after the electroweak 
symmetry is broken. The bulk Yukawa interaction has global or gauged flavor symmetry origi- 
nating from the R symmetry or bulk gauge symmetry, and the Yukawa structure is restricted. 
When the global and gauged flavor symmetries are broken by orbifold compactification, the 
^ remaining gauge symmetry which contains the standard model gauge symmetry is restricted. 

The restrictions from the bulk flavor symmetries can provide explanations of fermion mass 
hierarchy. 



1 Introduction 



The standard model (SM) is very well established to describe the physics below the electroweak 
scale. Theoretically, it is expected that there exists a model beyond SM. The conceptual 
motivation to consider the model beyond SM is to understand the variety of particles as well as 
the parameters in SM. In fact, the content of particles in SM is a collection of widely disparate 
fields: gauge bosons coming in three factors (color, weak and hypercharge) , three replicated 
families of chiral fermions coming in many different representations for quarks and leptons (q, 
u c , d c , i and e c ), and a scalar Higgs boson to break electroweak symmetry and give masses to 
the chiral fermions. This brings lots of parameters in SM: three gauge couplings, masses and 
mixings for the quarks and leptons, and a Higgs mass and a Higgs coupling. The Higgs scalar 
has a quadratic divergence in its mass squared, and thus the electroweak scale is not stable 
quantum mechanically if the cutoff scale is very high such as the Planck scale. Therefore, there 
must exist a theory beyond SM around the TeV scale. Besides, the masses and mixings of the 
quarks and leptons originate from the Yukawa couplings with the Higgs boson, which are the 
most of the parameters in SM. In such a sense, the nature of the Higgs boson is a key ingredient 
to go beyond the standard model. It is expected that the Higgs boson will be found at the 
Large Hadron Collider (LHC) experiment. 

The idea of extra dimensions is an attractive candidate to build a model beyond SM. Kaluza 
and Klein (KK) showed that it is possible to interpret electromagnetism as the effect of gravity 
in five dimensions under certain projections. After dimensional reduction, a vector/tensor field 
in some higher dimensional compactified space decomposes into separate scalar, vector and 
tensor components in four dimensions (4D). The left- and right-handed Weyl fermions in 4D 
are unified in higher dimensional fermions. The idea of extra dimensions has not been treated 
in phenomenological issues, but it becomes fashionable since it may explain the large scale 
hierarchy pp. The idea of compactification is also applied to break symmetries by orbifold 
boundary conditions [21 [31 Hj. Though the gauge symmetry is explicitly broken by the orbifold 
conditions, the gauge couplings can be unified when the brane localized gauge interaction is 
suppressed by a large volume of the extra dimensions [3] . In such fashions, the idea of gauge- 
Higgs unification [5] is revived [6]. The scalar Higgs fields can be unified with the gauge 
fields in some higher dimensional vector fields. In a simple orbifold boundary condition, the 
gauge symmetry is broken since the broken generators of gauge bosons for 4D coordinates are 
projected out. At that time, the broken generators for extra dimensional components can have 
massless modes, and the Wilson line operator can be identified as the Higgs bosons to break 
the symmetry remained in 4D [7] . Interestingly, this idea is compatible to extend the SM gauge 
symmetry to a larger gauge group such as in grand unified theories (GUT). Besides, the mass 
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of the Higgs scalar is forbidden by gauge invariance, and thus it can remain light at low energy 
when supersymmetry (SUSY) is combined in the model. 

The interesting consequence of the gauge-Higgs unification is that the Yukawa interaction 
can originate from the gauge interaction when fermions are also higher dimensional bulk fields [El 
|9]. Actually, the 4D zero modes of fermions can be chiral in orbifold projections, and the 
higher dimensional extension of the fermion kinetic term with covariant derivative, ^ry^ip^ — 
igA^ip, includes Yukawa coupling when the gauge fields with higher dimensional components 
are identified as Higgs fields. In the left-right symmetric construction of the model [TU], the 
matter representation to realize the gauge- Yukawa unification can be much simpler than that 
of the SM construction, and the actual unification of gauge and Yukawa coupling constants can 
be realized [9]. In the models of 5D Af = 1 SUSY S 1 /^ orbifold with bulk gauge symmetries 
such as 5*0(11) and 577(8), which break down to Pati-Salam (PS) symmetry group Gps = 
S77(4) c x SU{2) L x SU{2) R [11] in 4D, matter fields are unified in hypermultiplets, and all 
three gauge couplings and third generation Yukawa couplings (top, bottom, tau and Dirac tau 
neutrino) can be unified. Then, the Yukawa couplings at the weak scale can be calculated 
assuming that the threshold corrections are small. Consequently, we can predict the top quark 
mass as well as tan/3, which is a ratio of Higgs vacuum expectation values (VEVs) for up- 
and down-type Higgs bosons. Actually, the prediction of the top quark mass can agree with 
the experiment if we take into account the threshold corrections [12] . If we say it inversely, 
we can survey if the unification of gauge and Yukawa couplings is really realized in the future 
since the LHC and ILC experiments will provide us more accurate measurement of the Yukawa 
couplings above TeV scale. It is important that the unification of the gauge and Yukawa 
coupling constants can be a signal of extra dimensions at ultra high energy scale. Therefore, 
we should investigate models in which gauge and Yukawa unification can happen. 

In SUSY extensions, the matter fermions can be unified in higher dimensional gauge mul- 
tiplets [HI [14], especially when the model consists of N = 4 vector multiplet in 4D language 
such as in 6D M = (1, 1) SUSY. Interestingly, three replications of family can be obtained in 
the T 2 /Z3 orbifold p3]. The three families originate from the three chiral supermultiplets in 
the N = 4 gauge multiplet. Since the number of chiral multiplet is maximally three in 4D, it 
may explain why the family is three times replicated. 

The hypermultiplet which is adjoint representation under the bulk gauge symmetry in 5D 
A/" = 1 SUSY S 1 jlLi orbifold model can be incorporated into the gauge multiplet in 6D M = 
(1,1) SUSY orbifold models. In Ref.[15], it is found that all matter species for one family and 
Higgs doublets as well as gauge fields in SM can be unified in 6D M = (1, 1) SUSY SU(8) 
gauge multiplets with T 2 /Z 6 orbifold. The three gauge couplings and the third generation 
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Yukawa couplings can be also unified in the model. The other gauge groups [16j E] an d other 
extensions including seven dimensional models (181 IH] are also considered. Since no other bulk 
matter fields can be introduced, the model can explain why only third family is heavy. If we 
choose T 2 /Z3 orbifold in the SU(8) model, the discrete charge assignment is simple and almost 
unique when N — 1 SUSY remains at 4D. In the 6D £77(8) T 2 /Z3 orbifold model, thus, three 
families and Higgs fields as well as gauge fields are naturally unified in one multiplet [20] . 

In this paper, we will study the cases where there are just three chiral families as zero 
modes of the bulk fields in the higher dimensional orbifold models. We investigate the Pati- 
Salam branch of the E s and its subgroup to break the symmetry by orbifold compactification, 
and to extract the three chiral families as zero modes. In fact, the adjoint representation of E 8 
contains maximally four families of matters as decomposed representation under the Pati-Salam 
symmetry. There are three chiral superfields in the bulk for the higher dimensional models, 
and thus, maximally twelve families are contained in the bulk. By orbifolding, many of the 
component representations are projected out, and we choose the orbifold charge assignment to 
extract just three chiral families as zero modes. We will show that there are five cases for the 
charge assignments to obtain the three chiral families, and give examples of the discrete charge 
assignments. The Yukawa interaction is generated from the bulk gauge interaction, and we will 
classify the structure of the mass eigenvalues in the three-family models. In some cases, global 
or gauged flavor symmetry remains in the Yukawa interaction due to the bulk gauge interaction. 
The flavor symmetries originates from the R symmetry or gauge symmetry in the bulk. In such 
cases, two of the eigenvalues are degenerate. In one case, the flavor symmetry is broken by the 
orbifold projection, and the eigenvalues are not degenerate, but there is a restriction in the 4D 
gauge symmetry which contains Pati-Salam branch. We study the trinification branch in the 
typical case to obtain a hierarchical structure of the fermion masses. We also consider the case 
in which SM gauge symmetry Gsm = «S77(3) C x SU{2)l X U(l)y remains in 4D. 

This paper is organized as follows: In section 2, we introduce the orbifold models which we 
consider in this paper. In section 3, we investigate the Pati-Salam branch from the E 8 group 
and its subgroups. The Z n charges are assigned to the decomposed fields under the Pati-Salam 
symmetry in order break the bulk gauge symmetry down to the Pati-Salam symmetry. In 
section 4, we will show the five cases to obtain the three chiral families as zero modes from 
the bulk fields, and give examples of the orbifold charge assignments. In section 5, we make a 
comment to develop the example to build a model. In section 6, we consider the trinification 
branch, as well as the SM decomposition. Section 7 is devoted to the conclusions. 
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2 Gauge, Higgs and matter unification 



In this section, we will briefly study the higher dimensional orbifold model, which is used to 
construct a model where gauge, Higgs and three families of matter are unified in the higher 
dimensional SUSY gauge multiplet. We will consider 10D M = 1 SUSY model to describe the 
theory generally, but 8D model can be also considered. Actually, the model examples which we 
will see later can be made in 8D orbifold. We consider the extra dimensions are compactified 
over a flat T 2 /Z ni x T 2 /Z ra2 x T 2 /Z n3 orbifold. The formalism of the higher dimensional models 
can be seen in Ref. [21J. 

From a 4D point of view, the 10D Af = 1 gauge multiplet is recognized as one N = 4 
multiplet which consists of one N = 1 vector superfield V and three chiral superfields Ej (i = 
1, 2, 3). The scalar components of the chiral superfields S 1; E 2 , and S 3 are A 5 — iA s , A 7 — iA 8 , 
and A 9 — iA 10 , respectively. We define the extra dimensional coordinates as zi = x 5 + ix e , 
z 2 = Xj + ix$, and z% = Xg + ixig. The orbifold transformations Rj are — > uzi, where 
uj = e 2 W™i. The transformation Rj can also act on the internal symmetry of the Lagrangian. 
The internal symmetry in our class of models is the product of R symmetry and Aut(G). This 
extension of Rj can break SUSY as well as the bulk gauge group G. Depending on the discrete 
charge assignment, the 4D N = 4 SUSY can be broken down to N — 0, 1, 2. 

If at least N = 1 SUSY remains at 4D fixed points, the orbifold conditions of the superfields 
V and Ej are given as 



where Ri acts on the gauge algebra. Since there is a higher dimensional version of trilinear 
gauge interaction term in Lagrangian, ki + li + mj = (mod rii) needs to be satisfied. Also, we 
need k\ — 1, 1% — 1 and = 1 to make the lagrangian invariant. Therefore, one of (ki,li,rrii) 
has to be 1. From a geometrical consequence, rii has to be 2,3,4,6. Possible combinations of 
(ki,li,mi) are then the followings up to permutation: 



V(x^,U)Zi,LUZi) 
^(x^^UJZi.LOZi) 

T, 2 {x^,uz u uzi) 

^(x^.LOZi.LOZi) 



u k *R i [i: 1 (x' 1 ,Zi,Zi)], 
u h Ri[^ 2 (x^,Zi,Zi)}, 



(1) 
(2) 
(3) 
(4) 



rii = 2, (ki,li,mi) = (0, 1, 1), 

rii = 3, {h, h, rrii) = (0, 1, 2), (1, 1, 1), 

rn = 4, {h,li,mi) = (0,1, 3), (1,1, 2), 

m = 6, (ki, h, rrn) = (0, 1, 5), (1, 1, 4), (1, 2, 3). 



(5) 
(6) 
(7) 
(8) 
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For example, let us consider the case where the orbifolds for z 2 , z 3 are trivial (we may call the 
case n 2 , n 3 = 1.). If this is the case to build a model, we may consider 6D model instead of 10D 
model. In this case, (k 1: /i, mi) = (1, /, to), and 1 + / + to = (mod n-i). If I — 0, N — 2 SUSY 
remains on the orbifold fixed points. In general, if one of (ki,li,rrii) is zero, N = 2 remains on 
the fixed points from the action Rj. However, if the other torus orbifold condition is non-trivial, 
the SUSY can be broken down to N — 1 for the 4D zero modes. In the examples we will see 
later, one can break down SUSY down to N = 1 as well as the bulk gauge group even if n 3 — 1. 
Therefore, the models can be constructed even in 8D. In that case, the scalar component of S 3 
is not an extra dimensional gauge bosons. 

The scalar components of the superfields Sj are higher dimensional gauge fields. As a 
consequence, the bulk gauge interaction includes the term f^T^Y^Y^ in the superpotential 
in 4D, where f abc is a structure constant of the gauge group. If the matter and Higgs fields 
originate from the gauge multiplet, the bulk gauge interaction can contain the Yukawa coupling 
to generate the fermion masses by Higgs mechanism. Actually, when we use the conventional 
normalization of the gauge coupling, the bulk Yukawa coupling constant is the same as the 
gauge coupling g in 4D. Therefore, it is interesting to consider the possibility that the fermions 
(quarks and leptons), the gauge bosons and the Higgs fields, all originate as the zero modes 
from the same higher dimensional gauge multiplet. 

3 Charge assignments in Pati-Salam basis 

In this section, we will assign the discrete charges to the decomposed representations under Pati- 
Salam symmetry, which are contained in the adjoint representation of E$, £7, and SO (16). 
Under the Pati-Salam branch, it is clear to see all the chiral matter species in the adjoint 
representations of bulk gauge symmetries. 

It is well known that E 8 has a maximal subgroup 5*0(16), and thus it can contain 5*0(10) 
gauge symmetry with flavor symmetry 50(6) ~ SU(4). The adjoint representation 248 is 
decomposed under 50(10) x SU(4) as 

248 = (45,1) + (16,4) + (16,4) + (10,6) + (1,15). (9) 

The 50(10) has a Pati-Salam subgroup G PS = SU(A) x SU(2) x SU(2), and it is useful to 
describe the 50(10) algebra in the Pati-Salam basis. Here, we assign the Z n charges for the 
decomposed fields under the Pati-Salam symmetry to break the bulk gauge symmetry E 8 down 
to the Pati-Salam symmetry. 

The 50(10) adjoint field contains the following decomposed representations and the discrete 
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charges are assigned as follows: 



(15,1,1) 


(1,3,1) 


(1,1,3) 


(6,2,2) 











e 



(10) 



The spinor representation 16 contains four flavors of matter Li : (4, 2, 1), and Ri : (4, 1, 2). 

(11) 





L 2 


U 


U 


Ri 


R2 


Rs 


R4 


X 


y 


z 


w 


e + x 


e + y 


e + z 


e + w 



The spinor representation 16 contains four flavors of anti- matter L l : (4,2,1), and R l : 
(4,1,2). 



L 1 


I? 


Z 3 


I 4 


R l 


R 2 


R 3 


R A 


—x 


-y 


— z 


— w 


e — x 


e-y 


e — z 


e — w 



;i2) 



The vector representation 10 includes SU(A) sextet C' lj : (6, 1, 1), and bidoublet represen- 
tation H tj : (1, 2, 2). They are sextet under the flavor symmetry, and the flavor indices ij are 
anti-symmetric. 



C ij 



( - z + w y + w y + z\ 

X + W X + z 

x + y 

V -J 



( - e+z+w e+y+w e+y+z\ 
e + x + w e + x + z 
e + x + y 

V - / 



(13) 



Because e^kiC 13 C kl is a singlet, C 34 component is a conjugate of C 12 , for example. 
The 5*0(10) singlet SV is an adjoint under the flavor symmetry. 



Si 




( 





x-y 


x — z 


X 


— w 










—x + y 





y-z 


y 


— w 










—x + z 


-y + z 





z 


— w 








\ 


—x + w 


—y + w 


— z + w 







) 





(14) 



The bulk gauge interaction includes the Yukawa term LiRjH^ . 

There are constraints for the discrete charges x, y, z, w and e due to the algebra: 

x + y + z + w = 0, 2e = (mod n). 



(15) 



When e = 0, at least 5*0(10) symmetry remains because the self-conjugate representation 
(6, 2, 2) has a zero mode in vector multiplet. Under these conditions, one can find that T 2 /Z3 
orbifold can not break SO (10) symmetry for these Pati-Salam decomposition. 
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As is given, one E 8 adjoint includes 4 flavors in S , O(10) G ut x SU(4) f branch. One can also 
interpret the S77(4) symmetry as SU (4) c , which includes color 577(3) c symmetry. In the former 
case, there is a self-conjugate representation (6, 2, 2) under the Pati-Salam decomposition, 
and thus with T 2 /Z 3 orbifold, it is impossible to break SO (10) symmetry as we have noted. 
In the latter branch of S77(4) c x SO(10) W , however, the self-conjugate representation is not 
included under Pati-Salam symmetry and thus T 2 /Z 3 orbifold can break SO (10) w down to 
SU(2) L x SU(2) R x £7(1) 3 . Actually, this is related to the fact that E 8 has two different 
SU(8) x 17(1) subgroups. One is obtained from E 7 branch, E 8 -> E 7 x [7(1) -> SU(8) x £7(1): 

248 = 63 + 28 2 + 28_ 2 + 1 + 1_ 4 + 28_ 2 + 70 + 28 2 + 1 4 . (16) 

The other is obtained from SU(9) branch E 8 -> S£7(9) -> 5C/(8) x £7(1): 

248 = 63 + 28 2 + 28_ 2 + 1 + 8_ 3 + 56 i + 56i + 8 3 . (17) 

The former one includes a self-conjugate representation 70, four-rank anti-symmetric tensor 
in SU(8), but the latter one does not have any self conjugate representations. The SU(8) 
adjoint 63 includes one flavor of matter under the Pati-Salam decomposition, and 28 and 28 
include one more flavor. Therefore, in the latter branch, there are two flavors under the Pati- 
Salam branch in the adjoint representation. If we use the SU(9) branch, it is easy to obtain 
the charge assignment for the Pati-Salam decomposed fields. The adjoint representation is 
decomposed as 248 = 80 + 84 + 84 under SU(9), where 80 is an adjoint under SU(9) and 84 
is a three-anti-symmetric tensor. When we assign the Z n charge as 



80 


84 


84 





a 


—a 



(18) 



E 8 is broken down to 577(9). Under the S77(9) space, acting the unitary rotation matrix 

R = diag (1, 1, 1, 1, uj\ co\ u c , u c , cu d ), (19) 

we obtain the charge assignments for the component representations in the Pati-Salam branch. 
For example, the left-handed matter components (4, 2, 1) are in the 80 and 84, and their 
charges are found to be —b and a + b + d. 

We can also obtain Z n charges under the Pati-Salam decomposition using the breaking chain 
E 7 -> SO{\2) x SU(2) -> 50(10) x SU{2) F x £7(1). In this case, there are two flavors in the 
E 7 adjoint representation: 

133 = (45, 1) + (10, 1)_ 2 + (10, 1) 2 + (1, 1) + (16, 2)i + (16, 2)_ x + (1, 3) . (20) 
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The SO (10) adjoint field contains the fields as follows: 



(15,1,1) 


(1,3,1) 


(1,1,3) 


(6,2,2) 











e 



(21) 



The spinor representation 16 contains four flavors of matter Li : (4, 2, 1), and Ri : (4, 1, 2), 
and the spinor representation 16 contains four flavors of anti-matter U : (4,2,1), and R l : 
(4,1,2). 





L 2 


Ri 


R2 


L 1 


L 2 


R 1 


R 2 


X 


y 


e + x 


e + y 


—x 


-y 


e — x 


e-y 



(22) 



The vector representation 10 includes SU(4) sextet C and C : (6,1,1), and bidoublet 
representation H and H : (1, 2, 2). The fields C and C have opposite U(l) charges. 



c 


C 


H 


H 


-x-y 


x + y 


e — x — y 


e + x + y 



(23) 



The 5*0(10) singlets S^ are the adjoint under the flavor symmetry SU(2). 



x — y 
-x + y 



(24) 



Similarly to the previous case, we need 2e = 0. The bulk interaction includes a term 
SijLiRjH . 

We also note that the adjoint representation of SO (16) contains two families of matters in 
the Pati-Salam basis using the chain SO(16) — > SU(8) x U(l) [TB]. The adjoint representation 
of 50(16) is decomposed as 120 = 63 + 28 + 28 + 1 under SU(8) x U(l), where 63 is a 
adjoint under SU(8) and 28 is an anti-symmetric tensor. The charge assignment to obtain the 
Pati-Salam branch is similar to the case of the 577(9) branch in E% we have seen. When we 
assign the Z n charge as 



63 


28 


28 


1 





a 


—a 






(25) 



50(16) is broken down to 577(8) x U(l). Under the 577(8) space, acting the rotation matrix 

R = diag (1, 1, 1, 1, u\ u\ a/, lu c ), (26) 

we obtain the charge assignments for the component representations in the Pati-Salam branch. 
For example, the left-handed matter components (4, 2, 1) are in the 63 and 28, and their 
charges are —b and a + b. 
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4 Examples for three families in the bulk 



We will classify the cases where there are just three chiral flavors, which are obtained from 
the zero modes of the bulk fields. For the Pati-Salam decomposition, E$ adjoint representation 
contain four vector-like matter representations, as it is written in the previous section. Since 
there are three adjoint superfields, £j, there are totally 12 vector-like matters in the bulk. By 
orbifold projection, we will extract only three flavors of chiral matter. 

One can find that there are the following five ways to extract the three flavors. The left- 
handed matter components L, : (4, 2, 1) under Pati-Salam symmetry have flavor index i for the 
577 (4) fundamental representation. In the following, we do not care about the permutation of 
the flavor indices, as well as the permutation of S 1; £ 2 , and £3. 

1. The three chiral superfields Si, £ 2 , and S 3 include Li, L 2 , and L 3 , respectively. 

2. The three chiral superfields £i, £2, and £3 include Li, L\, and L 2 , respectively. 

3. The three chiral superfields £1, £ 2 , and £3 include Li, L%, and Li, respectively. 

4. Flavor SU(2) symmetry remains in 4D, and £1 and £ 2 include (Li,L 2 ) and L 3 respec- 
tively. 

5. Flavor SU(3) symmetry remains in 4D, and £1 includes (Li,L 2 ,L 3 ). 

In the case 2, we need only two flavors of matter in the adjoint representation, and thus, 
the bulk symmetry can be E 7 or 5*0(1 6). In the case 3, only one flavor of matter is needed, 
and so, the bulk symmetry can be 577(8) [20]. Also, in the case 3, all three chiral superfields 
£t must have the same 7* ni charge assignment ki — k — rrii. Therefore, has to be 3 in this 
case. 

In the following, we will give examples of charge assignment in each case. 
4.1 Case 1 

The three chiral superfields £1, £ 2 , and £ 3 include Lj, L 2 , and L 3 components, respectively. 
To do this, it is necessary that 

- ki + x = 0, -li + y = 0, -m* + z = 0. (27) 

The equivalence symbol with mod n is omitted in the following. Since ki + k + m, = and 
x + y + z + w — 0, we need w = 0. As a consequence, the corresponding component in the 
vector field must have a zero mode, and thus the 4D gauge symmetry is always higher than 
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Pati-Salam symmetry in this case. If only L 4 , L 4 components remain massless in the vector 
multiplet, the 4D gauge symmetry will be SU(6) x SU{2) x U(l) 2 . When R A and R 4 remain 
mass less in addition to them (w — e — 0), E 6 x U{1) 2 symmetry remains in 4D. 

Example 1: Consider the orbifold T 2 /Z 6 x T 2 /Z 3 (m = 6, n 2 = 3). 
The charge assignments are 

(x,y,z,w) Ze = (1,2,3,0), (x, y, z, w) Zs = (1, 1, 1, 0), e z& = e Za = 0, (28) 
(fci, Zi, mi) = (1, 2, 3), (fc 2 , Z 2 , m 2 ) = (1, 1, 1). (29) 

Under these assignments, one can find that the 4D gauge symmetry is E 6 x U(l) 2 . Three 
chiral fields 27j are zero modes. Since E e symmetry remains in this example, it is better to see 
the chain E 8 — > E 6 x SU (3) and the decomposition of the adjoint field: 

248 = (78, 1) + (27, 3) + (27, 3) + (1, 8). (30) 

In fact, under the above charge assignments, the decomposed fields are rearranged as in the 
Eq representation, and the SU(3) symmetry is broken down to U(l) 2 . The bulk interaction 
includes the Yukawa term 

27i • 27 2 • 27 3 . (31) 

When the bidoublet components H 12 , H 23 , if 31 (which are also unified in 27«) get VEVs, the 
fermions acquire masses. Since 27 from the product of 27 x 27 is symmetric under Eq algebra, 
the mass matrix of the fermion is symmetric. This is because 27 includes both left- and right- 
handed matters. Note that the indices % of 27« are the flavor indices, and the bulk interaction is 
given as tr [Ei, E 2 ]E3. As a result, the above Yukawa term is included in the bulk interaction, 
even though the flavor indices are totally anti-symmetric. 

Since the diagonal entries are all zero in the symmetric mass matrix, the eigenvalues of the 
mass matrix cannot be hierarchical (two of the eigenvalues are nearly degenerate, or all three 
are of the same order). Therefore, to obtain the realistic fermion masses, we need an assist 
from the brane-localized terms. 

Example 2: Next, let us consider the case where the 4D gauge symmetry is SU(6) x 
SU(2) L x U(l) 2 . This is obtained when i? 4 , R A components in the vector superfield remain zero 
modes (e + w = 0). We consider the orbifold T 2 /Z 4 x T 2 /Z 3 (m = 4, n 2 = 3). The charge 
assignments are 

(x,y,z,w) Z 4 = (1,3,2,2), (x, y, z, w) Zs = (1, 1, 1, 0), e Z4 = 2, e Zs = 0, (32) 
(ki, k, mi) = (1, 0, 3), (k 2 , l 2 , m 2 ) = (1, 1, 1). (33) 
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Then we obtain the zero modes in the chiral superfields as 



Si 
S 2 
S 3 



(6,2) 1 ,(15,1) 2 

(15,1)3 (34) 
(6,2)2,(15,1)! 



The right-handed fermions are includes in the representation (15,1), and the left-handed 
fermions are included in (6, 2). So, there are two left-handed fermions and three right-handed 
fermions are the zero modes of the bulk fields in this example. One left-handed fermions must 
be a brane-localized field. The bulk interaction includes the Yukawa term 

(6, 2)x(6, 2) 2 (T5, 1)3 + (15, 1) 2 (15, 1) 3 (15, l)i- (35) 

The Higgs bidoublet components are also in the (6, 2) 1; and (6, 2) 2 . In this example, the bulk 
Yukawa mass matrix for fermions is rank one, and only one of the eigenstate is massive from 
the bulk interaction. 

4.2 Case 2 

The three chiral superfields Si, E 2 , and £ 3 include Li, Li, and L 2 components, respectively. 
To do this, it is necessary that 

— ki + x = 0, — li + x = 0, —rrii + y = 0. (36) 

In this case, we can extract the zero modes of three chiral families, when (at least) two 
families are included in the adjoint representation. So, let us consider the example by using a 
model with E7 bulk symmetry. 

Example 3: We consider the orbifold T 2 /Z 6 x T 2 /Z 3 (m = 6, n 2 = 3). The charge 
assignments for the decomposed fields from E 7 are 

(x,y)z 6 = (1,4), (x,y) Z3 = (1,1), e Ze> = 3, e z . 3 = 0, (37) 
(k u l umi ) = (1,1,4), (fc 2 ,Z 2 ,m 2 ) = (1,1,1). (38) 

Then, the 4D symmetry is Gps x U(l) 2 , and the zero modes are 



Si 
S3 



^i.^C (39) 
L 2 , i?i, if 



Since the Li components in the superfields Si and S 2 are different fields, we denote them L\ 
and L[. We obtain the massless modes for the three families and one Higgs bidoublet, and two 
sextet fields. 
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The bulk interaction is 

(Liifc + L[R' 2 )H + C(L X L 2 - R X K 2 ) + C\L[L 2 + R 1 R 2 ). (40) 

One can find that (Li,!^), (R2,R' 2 ), and (C,C) form doublets under global SU(2) symmetry, 
which originates from an i?-symmetry for the gauge multiplet in the bulk. When the Higgs 
bidoublet H gets VEV, the fermions acquire masses. The two eigenvalues are degenerate and 
one eigenstate is massless. 

4.3 Case 3 

The three chiral superfields S 1; S 2 , and £ 3 include L 1; Lj, and L\ components, respectively. 
To do this, it is necessary that 

-ki + x = 0, -li + x = 0, -mi + x = 0. (41) 

Since ki — U — mi needs to be satisfied, only Z 3 orbifold is possible in this case. 

The model can be constructed if (at least) one family is contained in the adjoint represen- 
tation, and thus the bulk gauge symmetry can be SU(8). We can construct a model by 6D 
T 2 /Z 3 orbifold with SU(8) bulk gauge symmetry [20J. 

When we consider 8D T 2 /Z 3 x T 2 /Z 3 orbifold, one can obtain the model with S0(1Q) and 
E 8 bulk gauge symmetries. Here, we give a solution for the case of bulk SO (16) symmetry. 
The charge assignments for the decomposed fields from 5*0(16), Eqs. (I25ll26p . are 

(a, b, c) Z3 = (1, 2, 1), (a, b, c) z > = (2, 2, 1), (42) 
(h, h, mi ) = (1,1,1), (k 2 ,l 2 ,m 2 ) = (1,1,1). (43) 

In these solutions, there are three chiral families as well as three Higgs bidoublet fields as 
the zero modes from the bulk gauge multiplet. The bulk Yukawa coupling includes 

6ijkLiRjH k , (44) 

where is a totally anti-symmetric tensor. Note that i, j and k are not the indices from the 
SU(4:) subgroup in E$, but they are the indices originate from Si, S 2 , and S 3 . The Yukawa 
couplings for the zero modes have a global SU(3) symmetry. 

Since the Yukawa matrix is anti-symmetric, two eigenvalues of fermion masses are degenerate 
and one eigenstate is massless when the Higgs fields Hi get VEVs. The detail is given in the 
Ref.[2n]. 
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4.4 Case 4 



Flavor SU(2) gauge symmetry remains in 4D, and £1 and £ 2 include (Li,L 2 ) and L 3 respec- 
tively. The field (Li,L 2 ) in Xi forms a doublet under the flavor SU(2) symmetry. To satisfy 
this choice, it is necessary that 

- ki + x = 0, x = y, -h + z = 0. (45) 



Example 4: We consider the orbifold T 2 /Z 6 x T 2 /Z 4 (rii = 6, n 2 = 4). The charge 
assignments for the decomposed fields are 

(x, y, z, w)z 6 = (1,1,4,0), (x,y,z,w)z 4 = (1,1,1,1), e Ze = 3, e Z4 = 0, (46) 
(A*, Zx, rrn) = (1, 4, 1), (fc 2 , l 2 , m 2 ) = (1, 1, 2). (47) 

Then, the 4D symmetry is Gps x SU(2) x U(l) 2 , and the zero modes are 



Si 

s 2 
s 3 



Li, L 2 , -R3 
L3, i? 2 

C 23 ,C 13 ,# 12 



(48) 



The fields (L U L 2 ), {R U R 2 ), and (C 13 ,C 23 ) form 5C/(2) doublets. The bulk interaction is 

(L^ 2 + L 2 Ri)H 12 + ^(LxC 13 + ^C 23 ) + i? 3 (-^iC 13 + £ 2 C 23 ). (49) 

When Higgs bidoublet H 12 get a VEV, the fermions acquire masses. The two eigenvalues 
are degenerate, and one eigenstate (actually L 3 and -R3) remain massless. 

Example 5: We consider the orbifold T 2 /Zq x T 2 /Z 4 (ni = 6, n 2 = 4). The charge 
assignments for the decomposed fields are 

(x, y, z, w) Ze = (5,5,0,2), (x, y, z, w) Zi = (1, 1, 1, 1), e Z6 = 3, e Z4 = 0, (50) 
(/ci,/i,mi) = (1,0,5), (k 2 ,l 2 ,m 2 ) = (2,1,1). (51) 

Then, the 4D symmetry is Gps x SU(2) x t/(l) 2 , and the zero modes are 



Si 
S 2 
S3 



C 23 ,C 13 ,# 34 

u 

Li, L 2 , i?4 



(52) 



In this example, three left-handed matters are zero modes, and one right-handed matter is zero 
modes. The fields (L U L 2 ) and (C 13 ,C 23 ) are SU{2) doublets. 
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The bulk interaction is 

L 3 R 4 H U + L^L.C 13 + L 2 C 23 ). (53) 

When the Higgs bidoublet H u get VEV, one eigenstate of fermion becomes massive. The 
other two left-handed fields (Li,L 2 ) which is a flavor SU(2) doublet, remain massless. They 
can become massive by brane localized terms. When we identify (L x , L 2 ) as the first and second 
generations, one can construct a flavor SU(2) model to obtain a hierarchical pattern. 

4.5 Case 5 

Flavor SU(3) gauge symmetry remains in 4D, and Ei includes (L ± , L 2 , L 3 ). To satisfy this 
choice, it is necessary that 

— ki + x = 0, x = y = z. (54) 

Example 6: We consider the the orbifold T 2 /Z 4 x T 2 /Z 3 (n x = 4, n 2 — 3). The charge 
assignments for the decomposed fields are 

(x, y, z, w)z 4 = (1,1,1,1), (x,y,z,w) Za = (l,l,l,Q), e z 4 = 2, e Zs = 0, (55) 
(h, h, mi) = (1, 0, 3), (k 2 , l 2 , m 2 ) = (1, 1, 1). (56) 

Then, the 4D symmetry is G PS x SU(3) x U(l), and the zero modes are 



Si 

s 3 



H 12 H IZ H 23 ^4 ^4 ( 57 ) 

i?l, i? 2 , -R3 



In this example, three families of both left- and right-handed matters are zero modes, and Lj, 
Ri, H lj (= —Hi 1 ) are triplets under the flavor SU(3) symmetry. The PS singlets also form 
a triplet under SU{3). 
The bulk interaction is 

L iRjH ij , (58) 

ij=l,2,3 

and the Yukawa matrix is anti-symmetric. 

When the Higgs fields get VEVs, the flavor symmetry 577(3) is broken down to SU(2), and 
the two eigenvalues are degenerate, and one eigenstate is massless. (Surely, in a phenomeno- 
logical model construction, the flavor symmetry must be broken at a higher scale by SM singlet 
VEVs.) The bulk Yukawa interaction is same as the case 3, where the 577(3) symmetry in the 
bulk interaction is not gauged, while in this example, the flavor SU(3) symmetry is a gauge 
symmetry. 
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Example 7: We consider the orbifold T 2 /Z 6 x T 2 /Z 4 (n\ = 6, n 2 = 4). The charge 
assignments for the decomposed fields are 

(x,y,z,w)z 6 = (2,2,2,0), (x,y,z,w)z A = (1,1,1,1), e Ze = 3, e^ 4 = 0, (59) 
(*4, mi) = (1, 2, 3), (k 2 , l 2 , m 2 ) = (2, 1, 1). (60) 

Then, the 4D symmetry is Gps x SU(3) x U(l), and the zero modes are 



Si 

£3 



#U ^24 ; #34 

^1,^2,^3 (61) 
-R4 



In this example, three families of left-handed matters and one right-handed matter are zero 
modes. The fields Lj, H lA are fundamental and anti-fundamental representation under the 
flavor SU (3) symmetry. 
The bulk interaction is 

LiRtH". (62) 



i=l,2,3 

Til 



When the Higgs fields H get VEVs, the flavor SU (3) symmetry is broken down to 577(2) 
symmetry. Only one of the eigenstate is massive, two other families can become massive by 
introducing the brane-localized interactions. In this situation, it is easy to construct a model 
with hierarchical fermion masses using the flavor symmetry [22J. 

5 Comments to build a model 

As one can see, in the cases 1,2, and 4, the S77(4) c sextet fields are also the zero modes from 
the bulk fields. In the case 1, one can find that the S77(4) c sextet components are embedded 
in 27 in Example 1 and (15, 1) in Example 2. The reason for this is as follows: In these cases, 
we need to satisfy 

- ki + x = 0, -k + y = 0, (63) 

up to the permutation of (ki, k, mi) and (x, y, z, w). Because of a relation ki + k + rrii — 0, we 
need x + y + rrii = 0. Since —x — y is a charge of a SU (4) sextet, the corresponding sextet must 
be a zero mode. 

If one thinks that the sextet field is unwanted, one needs to choose case 3 or 5. Actually, the 
sextet fields contain colored Higgs fields which may generate a dangerous dimension 5 operator 
for proton decay. So, if we add a brane-localized term, a dangerous proton decay operator 
may be introduced. However, the sextet fields have extra £7(1) charges, and one can forbid the 
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dangerous terms if we do not introduce random PS singlet fields which acquire VEV to break 
the extra U(l) symmetries. Furthermore, since the representation of the (anti-fundamental) 
colored-Higgs fields is same as the right-handed down-type quarks, one can interpret that the 
SU(4) C sextet contains the right-handed quarks, and it can be available to break the strange 
quark and muon mass unification (to obtain so-called Georgi-Jarskog relation). It can be 
realized by mixing the fields with the right-handed quark in R : (4, 1, 2). The mixing terms 
will be introduced as a brane-localized term. Or, one of R can be identified a Higgs field to 
break Pati-Salam symmetry broken down to SM gauge symmetry. In that case, the bulk term 
CRR! make (3, l)_i/3 component in C massive, and the down- type quark component in C 
remain massless. 

To construct a model, we need to care about the brane-localized gauge anomalies |23j. In 
general, the set of 4D zero modes from the bulk chiral superfields causes the gauge anomalies, 
and one has to introduce brane-localized fields at each 4D fixed point to cancel the anomalies. 
To cancel them, one has to introduce the fields not to increase (or decrease) the number of chiral 
families since our aim is to obtain the three chiral families from the bulk. The introduction of 
the brane fields may be complicated, but since it is not an essential part, we do not focus it in 
this paper. 

The main focus in this paper is the Yukawa coupling structure originating from the bulk 
gauge interaction. The Yukawa matrix originating from the bulk interaction is classified for the 
following three situations as we have seen in the Examples in the previous section: 

(a) All three families can be massive. 

(b) The two eigenvalues are degenerate, and one of the eigenstate is massless. 

(c) One of the families is massive, and other two are massless. 

The situation (a) is a special case among the five cases in the previous section. This is 
obtained from the case 1 in which the Yukawa interaction does not have any global or gauged 
non-Abelian flavor symmetry. In this case, however, if we see the Pati-Salam branch, the 4D 
gauge symmetry is always larger than the PS symmetry, and to obtain the situation (a), E 6 
symmetry remains in the 4D fixed points. In that case, the Yukawa matrix is symmetric under 
the flavor indices and the diagonal elements are all zero. As a consequence, the Yukawa matrix 
can not have three hierarchical eigenvalues (namely, mi <C m 2 <C m^). To obtain realistic 
hierarchical fermion masses, we surely need an assist from the brane-localized terms. 

In the situation (b), the Yukawa matrix is an anti-symmetric mass matrix due to global 
or local SU(3) symmetry, or there is a global or local SU(2) flavor symmetry in the bulk 
interaction. This case is interesting to explain why the first generation of fermions has tiny mass 
as is pointed out in Ref . [20] . To resolve the degeneracy between second and third generation, 
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we need to introduce the brane-localized term, which is also studied in the Ref . [20J . 

In the situation (c), only one family becomes massive because three left-handed matters are 
in the bulk, but only one of the right-handed matters is in the bulk as in the Examples 5 and 
7. This situation provides a good example to explain why only third generation is heavy and 
their Yukawa coupling constant can be unified to the gauge coupling. It is interesting that the 
flavor symmetry remains in 4D in the Examples to construct a flavor model which can explain 
the hierarchy between first and second generation. 

Among the three situations above, the situation (a) is special, and it is possible to have a 
different fermion mass hierarchy, if we see another branch of bulk gauge symmetry breaking. 
Another typical branch which include SM gauge symmetry is a trinification symmetry G333 = 
SU(3) C x SU(3)l x SU(3)r. Since Eq has a maximal subgroup G333, it is possible to break the 
E s symmetry down to E % x SU{3) -> G 333 x U{lf by orbifold pi]. 

6 Trinification branch and SM decomposition 

6.1 Charge assignments for trinification 

The E 8 group has a E$ branch as in Eq. fl30|) . and E$ has a trinification subgroup. The adjoint 
78 and fundamental representation 27 are decomposed under G333 as follows: 

78 = (8, 1,1) + (1,8,1) + (1,1, 8) + (3, 3, 3) + (3, 3, 3), (64) 
27 = (3, 3,1) + (1,3, 3) + (3, 1,3). (65) 

The representation 27 includes Q : (3, 3, 1), Q c : (1, 3, 3), and H : (3, 1, 3), which include all 
the fermion species as well as Higgs representations under SM decomposition. Note that the 
decomposed representation 27 in E$ has a SU(3) flavor index. 

The discrete charges are assigned to the decomposed representations as follows: For the 
adjoint representations for E e and SU(3), the charges are 



(8, 1,1) + (1,8,1) + (1,1, 8) 


(3,3,3) 


(3,3, 3) 







a 


—a 





(66) 



where is a 577(3) adjoint representation. 

The matter and anti-matter representations are given as 





Q1 


Hi 










a + Xi 


—a + Xi 









(67) 



We need conditions J^Xj = 0, 3a = (mod n). 
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Example 8: Let us obtain the case 1 solution considered in section 4 in T 2 /Z 3 x T 2 /Z 3 
orbifold. The discrete charges are assigned as 



[Xi,X2, x 3 , 



1,1,1 



? 5 / ? 



(xi,x 2 ,x 3 ) 



(0,1,2), a Za =0, a z >=l, 



(h, l 1 ,m 1 ) = (1,1,1), (k 2 , l 2 , m 2 ) = (0, 1, 2). 
Then, the 4D symmetry is G333 x U(l) 2 , and the zero modes are 



(68) 
(69) 



Si 

S3 



Qi, Qh 

Q2, Ql, H 3 
Q3, Q21 Hi 



(70) 



The bulk interaction includes 



Q1Q2H3 + Q2QlH l + Q 3 Q\H 2 + Q1Q2Q3 + Q1QZQI + H 1 H 2 H 3 . (71) 
Quarks q, u c , d c , leptons £, e c , u c and the Higgs fields are embedded in Q, Q c and H as 

h u h d L 



Q = (q,h c ), Q c = (u c ,d c ,h c ), 



H = 



(72) 



where h u , h d are Higgs doublets, h c and h c are colored Higgs component, and s is a singlet 
component under SM. Since they are embedded in 27 representation of E 6 , the prediction 
of weak mixing angle is kept to be sin 2 9w = 3/8 (as long as brane- localized contribution is 
suppressed). Then, the bulk interaction includes the terms in terms of the SM decomposed 
fields as 

QiQ c 2 H 3 = q x ulhl + q x d\h d + q{hCt 3 + h c x d^ (73) 
Q1Q2Q3 = qiq2h 3 + q 2 q 3 h^ + qwjfi, (74) 
QIQ2QI = uld c 2 h% + u c 2 d c 3 hf + u c 3 dlh% + dlu c 2 h^ + d c 2 u c 3 hf + dlu ^ , (75) 
HiH 2 H 3 = lie 2 h d 3 + hv 2 hl + Sih 2 h 3 + (permutation of indices). (76) 

Because Q\ component in S x is projected out for example, the Yukawa matrix for quarks 
is no more symmetric. Therefore, we do not have a restriction which we found in Example 
1. In a proper basis, Yukawa couplings for all three generations of quarks are unified to the 
gauge coupling. When the ratios of VEVs of Higgs doublet fields h^' d are all free, one can have 
any ratios of three-generation quark masses. On the other hand, the lepton Yukawa matrix 
is still symmetric because Hi multiplet includes both left- and right-handed leptons. As it is 
mentioned, the symmetric matrix without diagonal elements can not have three hierarchical 
eigenvalues. 
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It is preferable that only one of the linear combination of Higgs doublet fields is light to 
construct a low energy model in order to avoid too large flavor changing neutral currents. The 
gauge coupling unification also prefers the situation. The bulk fields Hi contain the standard 
model singlets as well as SU(2) L doublets /i", hf, and the bulk interaction H 1 H 2 H 3 includes 
the doublet Higgs mass terms mijhfhj when Sj's acquire VEVs, 



/ s 3 s 2 \ 



(77) 



s 3 si 
\ s 2 si j 

The mass matrix is symmetric and there is no diagonal elements since it comes from 
the bulk interaction and Hi multiplet includes both hf and hf. When the VEVs of singlets 
are hierarchical (s 3 <C s 2 <C s±, for example), only one of the linear combination of Higgs 
double fields is light, and the Higgs mixings are hierarchical. Then, the VEVs of Higgs fields 
will be hierarchical, (h% ,d ) <C (h 2 l ' d ) <C (hi' d ), and the quark masses are hierarchical. Or, 
one can interpret that the effective Yukawa couplings for quarks are (unified) gauge couplings 
multiplied with the hierarchical Higgs mixings. In this choice, one of mass eigenvalues of lepton 
is hierarchically small, but two eigenvalues are degenerate due to the symmetricity of the matrix. 

To obtain the VEVs of singlets s i: one needs brane-localized terms. The hierarchy of the 
VEVs may be related to the volume of each torus, since the brane-localized terms needs to be 
generated by Wilson line operators. 

In order to obtain a phenomenological model, we have to break up and down symmetry 
for quark masses, and flavor mixings have to be introduced. It can be realized when brane- 
localized terms are introduced as usual construction of a trinification model. Also we need to 
break the degeneracy of charged-lepton masses. It can be done by introducing vector-like brane- 
localized fields which is mixed with the bulk fields, and the second generation of charged-lepton 
is replaced to the brane-localized field. 

We note that the bulk interaction also contains colored Higgs couplings, e.g. qqh c , q£h c 
etc. They can generate the dimension five operator for proton decay. Actually, colored Higgs 
masses are also generated when the singlet components s; acquire VEVs. When the VEVs are 
hierarchical, there are light colored Higgs fields, and it causes a rapid proton decay. Even if we 
add mass terms of colored Higgs fields, the colored Higgs couplings are still dangerous when 
the fermion mass hierarchy comes from doublet Higgs mixings keeping the original coupling 
is unified to the gauge coupling as noted above. Since the colored Higgs fields do not have 
hierarchical mixing, the colored Higgs couplings does not have flavor suppression and it generate 
too large nucleon decay amplitudes. To avoid it, the bulk fields should be replaced with a brane 
field by introducing vector-like brane matter. Or, the colored Higgs fields can be projected out 
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by adopting additional orbifold projection. In the latter case, however, some of the generations 
are also projected out. For example, suppose that all hf are projected out. When the discrete 
charge of h 1 ^ is not zero, the discrete charge of one of qi and q2 component can not be zero 
due to the conservation of the discrete charge in the coupling qiqjh%. As a result, two of the 
quark doublets qi are projected out. Then, the quark mass matrix from bulk interaction has 
to be (at most) rank 1. Similarly, due to the coupling u c e c h c , at least one of the right-handed 
charged-lepton is projected out. Therefore, if the colored Higgs fields are projected out by 
orbifold in this branch, we obtain as a consequence the first generation of quarks and leptons 
to be always massless when the brane-localized terms are suppressed. 

We also note that E 7 adjoint has one flavor of trinification matter. Therefore, we obtain 
the three family trinification model in E 7 bulk symmetry using the case 3 solution. In that 
case, the Yukawa matrix is anti-symmetric, and thus the two eigenvalues are degenerate, and 
one eigenvalue is zero. 

6.2 SM decomposition 

As we have noted, under the Pati-Salam branch, SU(A) C sextet (6, 1, 1) can include the right- 
handed down-type quark. Similarly, when the PS symmetry is broken down to SM gauge 
symmetry, (6, 2, 2), (15, 1, 1), (1, 2, 2), and (1, 1, 3) representations contain the quark doublet, 
right-handed up-type quark, lepton doublet, and right-handed charged lepton, respectively. 
Therefore, one more family can be included in the adjoint representation. In E 7 and E 8 , the 
number of family is three and five, respectively, which can be found if we see the branches, 
E 7 -> SU(8) (or SU(Q) x SU(3)) -> SU(5) x SU(3) x 17(1) and E 8 -> SU(5) x SU(5): 

133 = (24, 1) + (10, 3) + (10, 3) + (5, 3) + (5, 3) + (5, 1) + (5, 1) + (1, 8) + (1, 1), (78) 
248 = (24,1) + (10, 5) + (TO, 5) + (5, 10) + (5, 10) + (1,24). (79) 

The discrete charge assignments for the SM decomposed representations in the adjoint of E 7 
and E$ are given in Appendix. 

One can find that if we assign all of three quark doublets to have zero modes for the case 1 
solution (xi + X2 + £3 = 0, for example), (1, 2) ±1/2 components remain massless in the vector 
multiplet for both E 7 and E 8 cases. Therefore, in the case 1 solution, SU(3)l('D SU(2)l) 
symmetry always remains in 4D. As a consequence, when the gauge symmetry is broken down 
to SM and the global or gauged flavor symmetry is completely broken to £7(1 )'s, (at least) one of 
generation of quark is massless in the limit where the brane-localized couplings are zero. In the 
case where the bulk gauge symmetry is E 8 and the trinification G333 or Eq symmetry remains 
in 4D, all three generation can become massive as we have seen. (In this case, at least SU(3)l 
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symmetry remains in 4D.) This is because X\ + x 2 + £3 = is satisfied (up to permutation 
of SU(5) flavor index) for these two branches. However, as we have noted, the dangerous 
dimension five operators can be generated. Therefore, one of generation of quark fields should 
be replaced to a brane-localized field. Or, the colored Higgs fields should be projected out by 
additional orbifold condition. In any cases, the mass of first generation should be small when 
the flavor symmetries are completely broken and the brane-localized couplings are suppressed. 

Here, we consider the case where the 4D symmetry is the standard model, and three gener- 
ations of right-handed quarks u c are obtained from bulk. 

Example 9: Let us obtain the case 1 solution considered in section 4 in T 2 /Tjq x T 2 /I*3 
orbifold in Ej bulk symmetry. The discrete charges are assigned as 

(xi,x 2 ,x 3 )z 6 = (0,1,2), (x h x 2 ,x 3 ) Zs = (1,1,1), a Z6 = 1, a Z3 = 0, (80) 
{h, lurm) = (1, 2, 3), {k 2 , l 2 , m 2 ) = (1, 1, 1). (81) 

Then, the 4D symmetry is Gsm x U(l) 3 , and the zero modes are 



Si 

£ 2 

S3 



^2, eg 



g 3 ,^ 23 ( 82) 



u c 3 ,£ 13 ,d c23 



The three right-handed up-type quarks are the zero modes of bulk fields. The bulk interaction 
includes 

q 2 u c 3 £ 23 + qsull 13 + u c 2 e c 3 d c23 . (83) 

The fields £ 23 and £ 13 can be considered as up-type Higgs fields. When the Higgs fields 
acquire VEVs, two eigenvalues of up-type quarks become non-zero. The eigenvalues can be 
hierarchical when the Higgs mixing is small due to the suppression of couplings in the brane- 
localized interaction. In this example, one can construct the model in 8D, and thus, the scalar 
component £3 can be chosen not to be gauge fields, but, £1 and £2 can be considered the gauge 
fields with extra dimensional components. Then, the light linear combination of the Higgs fields 
can be almost £ 23 rather than £ 13 , since the coupling with £ 23 will be generated by a Wilson 
line operator and it is expected to be small [2D] . 

In the bulk E 8 case, we can find a similar solution as Example above. However, it is 
rare to obtain both up- and down-type quarks as well as charged leptons to get masses if 
the symmetry is broken down to SM, because many of the components are projected out 
in that case. If some of the symmetry remains like SU(4) C x SU(2)l x U(1)r symmetry 
or SU(3) C x SU{2)l x SU(2)r x U(1)b-l symmetry, one can obtain their Yukawa couplings 
(namely, top, bottom, and tau Yukawa couplings) from the bulk gauge interaction. As we have 
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noted, in such 4D symmetries, all three generations of left-handed quarks cannot have zero 
modes when bulk flavor symmetry is completely broken. 

As we have seen in section 4, in the cases 2 and 4 where SU(2) flavor symmetry remains 
in 4D, two of the mass eigenvalues are degenerate in the Pati-Salam branch (namely, the 
mass matrix is rank 1 or eigenvalues are degenerate even if the rank is 2). This is because 
of the restriction of discrete charge assignment 2e = in the Pati-Salam branch. When the 
4D symmetry is Gsm, we have additional examples where the mass matrix is rank 2 and the 
eigenvalues are not degenerate. Here we give an example in the case where gauged SU(2) flavor 
symmetry remains in 4D. 

Example 10: Let us obtain the case 4 solution considered in section 4 in T 2 /Z 6 x T 2 /Z 3 
orbifold in E 8 bulk symmetry. The discrete charges are assigned as 

(x l ,x 2 ,x 3 )z 6 = (1,1,2,3,4), (x 1 ,x 2 ,x 3 )z 3 = (1,1,1,0,0), a z& = 1, a z , A = 0, (84) 



(k 1 ,l 1 ,m 1 ) = (1,2,3), (k 2 ,l2,m 2 ) = (1, 1, 1). 
Then, the 4D symmetry is Gsm x ££7(2) x U{1) 2 , and the zero modes are 



(85) 



Si 

s 3 



?l,?2,e^35_ 

q^u^u^I 13 ,! 23 
ul£ 12 J cl3 J c23 ,S!,S 5 2 



(86) 



The bulk interaction includes 



( qi u c 2 + q 2 u\)e 2 + ( qi i 13 + q 2 e 6 )u c 3 + { Ul d cVi + u 2 d c23 )e c 3 + £ 3b {£ Vi si + e 3 si 



cl3 



Tc23\ 



ol3 o5 



«23 o5\ 



(87) 



The fields d cl3 , d c23 are colored Higgs, and l 12 > 13 > 23 are up-type Higgs fields. The field £ 35 can 
be considered as a lepton doublet, and then, Sf and S 2 corresponds to right-handed neutrinos. 
Note that q£d c coupling is forbidden. The field £ 35 can be also considered as a Higgs doublet, 
and and Sf form a SU(2) flavor doublet. When Sf acquires a VEV, the flavor SU(2) 
symmetry is broken, and £35 and I 13 become massive. Then, the quark mass matrix from the 
bulk interaction is 

/ Wu^ 

(93,91,92) (I 12 ) u 2 . (88) 

V (O (£ 23 ) J \u 3 J 
As is the previous example, the Higgs mixing can become small, and the two VEVs are hierar- 
chical. Then, two eigenvalues are hierarchical, and one eigenvalue is zero. 

One can also consider a similar solution where global £77(2) flavor symmetry remains. Also, 
in the case of E 8 bulk symmetry, the discrete charges can be assigned so that both global and 
gauged flavor symmetries remain in 4D. 
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7 Conclusion 



We studied the higher dimensional models in which gauge, Higgs and three families of matter 
fields are unified in a SUSY gauge multiplet. The gauge multiplet contains three chiral super- 
fields Ej as well as a vector multiplet in 4D point of view. When both Higgs and matter fields 
are extracted as zero modes by orbifold projection, the Yukawa interaction in 4D is generated 
from the bulk gauge interaction. 

We classified the cases in which three generations are included in the zero modes of the 
bulk superfields. The bulk gauge symmetry is broken down to the 4D gauge symmetry which 
contains the SM gauge group by orbifolding, and some of non-Abelian gauged flavor symmetry 
can also remain in 4D. For example, E 8 has a subgroup 5*0(10) x SU (4), and thus in the SO (10) 
basis, there can be maximally 577(4) gauged flavor symmetry. Furthermore, since there are 
three chiral superfields, there is a global symmetry which originates from R symmetry in the 
bulk. If the gravity is taken into account, the R symmetry is also gauged, but we consider it as 
a global symmetry in a flat limit. Therefore, to obtain three generations, there are cases where 
the gauged or global flavor symmetry remains. One can assign to make 577(2) and 577(3) flavor 
symmetries remain for both global and gauged symmetries. Also, it can be considered that the 
both global and gauged flavor symmetry is completely broken by orbifolding. Totally, there are 
5 cases to obtain three generations from the bulk fields. We investigated each case and gave 
examples for the discrete charge assignment of the orbifold. 

Due to the bulk flavor symmetry, the Yukawa structure originated from the bulk gauge 
interaction is restricted. Many of the cases, two eigenvalues are degenerate in the limit where 
the couplings in brane-localized terms are zero. There are two situations in those cases: Two 
eigenvalues are degenerate and one eigenvalue is zero. Or, two eigenvalues are zero, and one 
eigenstate is massive. Since the brane-localized terms are suppressed by a factor from the 
volume of the extra dimension and the bulk interaction gives a dominant contribution to the 
Yukawa couplings, the former situation is not a good situation phenomenologically. To make 
a phenomenologically viable model, one needs to mix one of the eigenstate with a brane field, 
and the brane field is a light eigenstate of our quarks and leptons. In the latter situation, on 
the other hand, one can explain why only third generation is heavy. The two other generations 
can become massive by brane terms. The hierarchy between first and second generation can be 
explained by the remaining flavor symmetry. 

When the non-Abelian flavor symmetry for both global and gauged symmetry is broken by 
orbifold, the degeneracy of eigenvalues can be resolved. In that case, the discrete charge assign- 
ment is restricted, and higher gauge symmetry often remains in 4D. Actually, when all three 
quark doublets have zero modes in that case, at least SU (3) l gauge symmetry (which contains 
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SU(2) L ) remains in 4D. In other words, if the gauge symmetry is broken down to SU(2) L , all 
three quark doublets can not have zero modes, and at least one of the eigenvalues is zero. It 
can interestingly explain why the first generation mass is tiny. We gave an example where all 
three generations of quarks have non-degenerate masses from the bulk Yukawa interaction in 
the model in which trinification symmetry remains in 4D. We also gave an example where two 
of the up-type quarks have non-degenerate eigenvalues from the bulk Yukawa interaction with 
4D standard model gauge group. 

In conclusion, the Yukawa coupling is generated from the bulk gauge interaction when left- 
and right-handed matter fields as well as Higgs fields are zero modes of the bulk fields. We 
considered the cases where three generations of matter are contained in the zero modes. In that 
cases, due to the bulk flavor symmetries, the structure of bulk Yukawa coupling is restricted 
and the hierarchy of fermion masses can be explained by a nature of extra dimensions. 

Appendix : Charge assignments for SM decomposed rep- 
resentations 

We obtain the discrete charge assignments for the SM decomposed representations in the E 7 
adjoint. The branch E 7 — > SU(5) x SU(3) x U(l) is useful to arrange the representations. 
For the adjoint representations for G SM and SU(3), the charges are 



(8,l)o + (l,3) + (l,l)o 


(3, 2)_ 5 / 6 


(3, 2) 5/6 


Si j 





a 


—a 


X i X j 
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where is a SU(3) adjoint representation (i = 1,2,3). 

The matter and anti-matter representations are given as follows: 
Discrete charges for the representations in (10, 3) and (10, 3) are 



Qi 


u\ 




q 1 


u a 




Xi 


a + Xi 


-a + Xi 




—a — Xi 


a — Xi 



(90) 



The representations in (5, 3) and (5, 3) are 











Xi ~\~ X j 


X i | X j | (X 


X i X j 


X i X j (Xi 
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The representations in (5, 1) and (5, 1) are 



D c 


H 


D c 


H 


—Xi — x 2 — x 3 — a 


-xi -x 2 -x 3 


x 1 + x 2 + x 3 + a 


^1 + ^2+ X 3 



(92) 
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When X3 + C1 = is satisfied for example, SU(4) c x SU(2)l x U{1)r symmetry remains in 4D. 
When x 3 — a = is satisfied, SU (3) c x SU (2) L x SU (2) R x Z7 (1) B _ L symmetry remains. When 
x 3 + a = and 2a = are satisfied, Pati-Salam symmetry remains. When X2 = X3 = a and 
3a = are satisfied, trinification symmetry remains. When a = is satisfied, SU (5) symmetry 
remains. When X3 = is satisfied, flipped-S , f/(5) remains. When 23 = a = is satisfied, 
SO (10) symmetry remains. When X2 = X3 = a = is satisfied, symmetry remains. 

Next, let us obtain the discrete charge assignments for the SM decomposed representations 
in the E 8 adjoint. The branch E 8 —>■ SU(5) x SU(5) is useful to arrange the representations. 

For the adjoint representations for G$m and SU(5), the charges are 



(8, l)o + (l,3)o + (l,l)o 


(3,2)_ 5/6 


(3,2)5/6 


Si 





a 


—a 





(93) 



where SV is a SU(5) adjoint representation (i = 1,2,3,4,5). 

The matter and anti-matter representations are given as follows: 
Discrete charges for the representations in (10, 5) and (10, 5) are 







e c 


q 1 








a + Xi 











(94) 



The representations in (5, 10) and (5, 10) are 







d ci i 


gij 


3C ^ | 00 j 


0b <i 1 00 j | CL 


00 2 00 j 


00 2 00 <j 



(95) 



From the algebra, the condition Xj + a = has to be satisfied. 

Similarly to the case, higher symmetries remain in 4D when above conditions are satisfied. 

Acknowledgments 

We thank Z. Tavartkiladze for useful discussions. This work of Y. M. is supported in part by 
the grant from the US Department of Energy, grant number DE-FG02-95ER40917, and the 
work of S. N. was supported in part by the grants from the US Department of Energy, grant 
numbers DE-FG02-04ER41306 and DE-FG02-ER46140. 

References 

[1] I. Antoniadis, Phys. Lett. B 246, 377 (1990); N. Arkani-Hamed, S. Dimopoulos and 
G. R. Dvali, Phys. Lett. B 429, 263 (1998) [hep-ph/9803315| ; I. Antoniadis, N. Arkani- 
Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B 436, 257 (1998) |hep-ph/9804"398| ; 



25 



L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) |hep-ph/990522l] ; ibid. 83, 
4690 (1999) [hep-th/9906064] . 



[2] Y. Kawamura, Prog. Theor. Phys. 103, 613 (2000) |hep-ph/9902423|; ibid. 105, 999 (2001) 
[hep-ph/00121251 ; ibid. 105, 691 (2001) lhep-ph/0012352] ; G. Altarelli and F. Feruglio, 



Phys. Lett. B 511, 257 (2001) |he p-ph/01 02301|; A. B. Kobakhidze, Phys. Lett. B 514, 
131 (2001) | hep-ph/0102323] . 



[3] L. J. Hall and Y. Nomura, Phys. Rev. D 64, 055003 (2001) |hep-ph/ 01 03125] ; ibid. D 65 



125012 (2002) |hep-ph/0111068|; ibid. D 66, 075004 (2002) |hep-ph/0205067|; A. Hebecker 



and J. March-Russell, Nucl. Phys. B 613, 3 (2001) lhep-ph/0106~l~66] ; T. Li, Phys. Lett. 
B 520, 377 (2001) |hep-th/0107136] ; Nucl. Phys. B 619, 75 (2001) [hep-ph/ 01 081201 ; 
T. Asaka, W. Buchmuller and L. Covi, Phys. Lett. B 523, 199 (2001) [hep-ph/ 0108~0~2~1~1 ; 
B. Kyae, C. A. Lee and Q. Shafi, Nucl. Phys. B 683, 105 (2004) [hep-ph/0309205] . 



[4] Y. Mimura and S. Nandi, Phys. Lett. B 538, 406 (2002) |hep-ph/0203126|; I. Gogoladze 



Y. Mimura and S. Nandi, Phys. Lett. B 554, 81 (2003) |hep-ph/0210320| . 

[5] N. S. Manton, Nucl. Phys. B 158, 141 (1979); D. B. Fairlie, J. Phys. G 5, L55 (1979); Phys. 
Lett. B 82, 97 (1979); P. Forgacs and N. S. Manton, Commun. Math. Phys. 72, 15 (1980); 
G. Chapline and R. Slansky, Nucl. Phys. B 209, 461 (1982); S. Randjbar-Daemi, A. Salam 
and J. Strathdee, Nucl. Phys. B 214, 491 (1983); N. V. Krasnikov, Phys. Lett. B 273, 246 
(1991); D. Kapetanakis and G. Zoupanos, Phys. Rept. 219, 1 (1992); I. Antoniadis and 
K. Benakli, Phys. Lett. B 326, 69 (1994) |hep-th/9310~151~l ; H. Hatanaka, T. Inami and 
C. S. Lim, Mod. Phys. Lett. A 13, 2601 (1998) |hep-th/98050"67] . 

[6] See, for example, G. R. Dvali, S. Randjbar-Daemi and R. Tabbash, Phys. Rev. D 65, 
064021 (2002) |hep-ph/0102"307] ; N. Arkani-Hamed, A. G. Cohen and H. Georgi, Phys. 
Lett. B 513, 232 (2001) |hep-ph/0105~23~9| ; L. J. Hall, Y. Nomura and D. R. Smith, Nucl. 



Phys. B 639, 307 (2002) [hep-ph/0107331|; I. Antoniadis, K. Benakli and M. Quiros, New 
J. Phys. 3, 20 (2001) |hep-th/0108005 |; C. Csaki, C. Grojean and H. Murayama, Phys. 



Rev. D 67, 085012 (2003) |hep-ph/0210133 ; K. Choi, N. Haba, K. S. Jeong, K. Okumura, 



Y. Shimizu and M. Yamaguchi, JHEP 0402, 037 (2004) [hep-ph/ 03 121781 ; C. A. Scrucca, 
M. Serone, L. Silvestrini and A. Wulzer, JHEP 0402, 049 (2004) [hep-th/0312267| ; 
N. Haba, Y. Hosotani, Y. Kawamura and T. Yamashita, Phys. Rev. D 70, 015010 
(2004) |hep-ph/040iT8~3 |; Y. Hosotani and Y. Sakamura, Prog. Theor. Phys. 118, 935 



(2007) |hep-ph/0703212 ]; I. Gogoladze, N. Okada and Q. Shafi, Phys. Lett. B 655, 257 
(2007) |arXiv:0705.3035l [hep-ph]]; C. S. Lim and N. Maru, Phys. Lett. B 653, 320 



26 



(2007) [arXiv:0706.1397l [hep-ph]]; N. Haba, S. Matsumoto, N. Okada and T. Yamashita, 
Prog. Theor. Phys. 120, 77 (2008) |arXiv:0802.343TI [hep-ph]]; T. Nomura and J. Sato, 
larXiv:0810.0898l [hep-ph]. 

[7] Y. Hosotani, Phys. Lett. B 126, 309 (1983); Phys. Lett. B 129, 193 (1983); Phys. Rev. D 
29, 731 (1984); Annals Phys. 190, 233 (1989). 

[8] G. Burdman and Y. Nomura, Nucl. Phys. B 656, 3 (2003) [hep-ph/ 02 10257] ; N. Haba and 
Y. Shimizu, Phys. Rev. D 67, 095001 (2003) |hep-ph/0212166] . 

[9] I. Gogoladze, Y. Mimura and S. Nandi, Phys. Lett. B 560, 204 (2003) |hep-ph/030ioT4] . 

[10] Q. Shan and Z. Tavartkiladze, Phys. Rev. D 66, 115002 (2002); N. Cosme and J. M. Frere, 
Phys. Rev. D 69, 036003 (2004) [hep-ph/0303037| . 

[11] J. C. Pati and A. Salam, Phys. Rev. D 10, 275 (1974). 

[12] I. Gogoladze, Y. Mimura, S. Nandi and K. Tobe, Phys. Lett. B 575, 66 (2003) 
[hep-ph/0307397| . 

[13] T. Watari and T. Yanagida, Phys. Lett. B 532, 252 (2002) | hep-ph/ 02 01086] ; ibid. B 544, 
167 (2002) |hep-ph/0205090] . 

[14] T. Li, JHEP 0403, 040 (2004) |hep-ph/0309T99] ; Y. Kawamura, T. Kinami and K. y. Oda, 
Phys. Rev. D 76, 035001 (2007) [hep-ph/0703195| . 

[15] I. Gogoladze, Y. Mimura and S. Nandi, Phys. Lett. B 562, 307 (2003) |hep-ph/0302T76] . 

[16] I. Gogoladze, Y. Mimura and S. Nandi, Phys. Rev. Lett. 91, 141801 (2003) 
|hep-ph/0304118| ; 

[17] I. Gogoladze, Y. Mimura and S. Nandi, Phys. Rev. D 69, 075006 (2004) [hep-ph/ 03 11127| . 

[18] I. Gogoladze, T. j. Li, Y. Mimura and S. Nandi, Phys. Lett. B 622, 320 (2005) 
lhep-ph/0501264| ; Phys. Rev. D 72, 055006 (2005) | hep-ph/0504082| . 

[19] I. Gogoladze, T. Li and Q. Shan, Phys. Rev. D 73, 066008 (2006) [hep-ph/0602040| ; 
I. Gogoladze, T. Li, V. N. Senoguz and Q. Shan, Phys. Rev. D 74, 126006 (2006) 
|hep-ph/060818 1|. 

[20] I. Gogoladze, C. A. Lee, Y. Mimura and Q. Shall, Phys. Lett. B 649, 212 (2007) 
|hep-ph/0703107| . 



27 



[21] N. Marcus, A. Sagnotti and W. Siegel, Nucl. Phys. B 224, 159 (1983); N. Arkani-Hamed, 
T. Gregoire and J. Wacker, JHEP 0203, 055 (2002) |hep-th/0101233| . 

[22] R. Kitano and Y. Mimura, Phys. Rev. D 63, 016008 (2001) [hep-ph/0008~269j . 

[23] C. A. Scrucca and M. Serone, Int. J. Mod. Phys. A 19, 2579 (2004) [hep-th/0403163] . 



28 



